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Abstract 

We prove that generalized free products of two free groups or finitely generated torsion-free 
nilpotent groups amalgamating a cyclic subgroup are cyclic conjugacy separable. Using this we 
prove that generalized free products of two surface groups amalgamating a cyclic subgroup 
are conjugacy separable. We conjecture that generalized free products of two Fuchsian groups 
amalgamating a cyclic subgroup are conjugacy separable. @ 1997 Elsevier Science B.V. 
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1. Introduction 

The fundamental group of a surface of genus n, briefly, the surface group of genus 

n has a presentation 

\ i=l I 

It is easy to see that G is a generalized free product of two free groups amalgamat- 

ing a cyclic subgroup. Thus applying Dyer’s result [3] that generalized free products 

of two free groups amalgamating a cyclic subgroup are conjugacy separable, it fol- 

lows immediately that surface groups are conjugacy separable. In [7], Niblo showed 

that generalized free products of two finitely generated Fuchsian groups are subgroup 

separable. Thus, in particular, generalized free products of two surface groups amalga- 

mating a cyclic subgroup are subgroup separable. Fine and Rosenberger [4], showed 

that Fuchsian groups are conjugacy separable. Therefore it is interesting to ask whether 

generalized free products of two Fuchsian groups amalgamating a cyclic subgroup are 
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conjugacy separable. In this paper we show that generalized free products of two sur- 

face groups amalgamating a cyclic subgroup are conjugacy separable and conjecture 

that generalized free products of two Fuchsian groups amalgamating a cyclic subgroup 

are conjugacy separable. 

In Section 2, we introduce the concept of cyclic conjugacy separability and show that 

generalized free products of two free groups or finitely generated nilpotent groups are 

cyclic conjugacy separable. Applying this result we prove in Section 3, the conjugacy 

separability of two surface groups amalgamating a cyclic subgroup. 

Throughout this paper terms and notations are standard, For convenience we sum- 

marize some of the terms and notations: 

a No b means a, b are conjugates in G. 

{a}G denotes the set of all conjugates of a in G. 

If x E G = A *H B then [lx]] denotes the free product length of x in G. 

N Clf G means N is a normal subgroup of finite index in G. 

A group G is said to be rrC if for every cyclic subgroup H of G and every x E G\H, 
there exists N Cl,- G such that in G = GfN,ff $! I!?. 

Let x, y E G such that x +o y. Then x, y are said to be conjugacy distinguishable 
if there exists N Clf G such that in G = G/N,,X +G J. G is said to be conjugacy 
separable if G is conjugacy distinguishable for all x $o y. 

Let H = (h) be an infinite cyclic subgroup of G. If for every positive integer n, 
there exists N,, Cl, G such that N,, 17 H = (h”) then G is said to be H-potent, briefly, 

H-pot. A torsion-free group G is said to be potent if it is (hj-pot for all 1 # h E G. 

We also need the following result from [9]: 

Theorem 1.1 (Tang [9, Lemma 3.11). Let G be a jinite extension of a free group or 
a finitely generated nilpotent group such that G has unique root property for elements 
of in$nite order. Let x, h E G such that {x}” tl (h) = 0. Then there exists N Clf G 
such that, in G = G/N, {cC}~ rl (h) = 0. 

2. Cyclic conjugacy separability 

In this section we introduce the concept of cyclic conjugacy separability. This pro- 

perty turns out to be very useful to study the conjugacy separability of generalized free 

products of conjugacy separable groups amalgamating a cyclic subgroup. We begin with 

the following lemma. 

Lemma 2.1. Let G be aJinitely generated torsion-free nilpotent group. Let 1 # XE G. 

Then for each positive integer n, there exists N,, Clf G such that, in G’, = G/N,,, IX/ = 
n and Xi +r;, z?j for 2’ # 3’. 

Proof. G is a finitely generated torsion-free nilpotent group. This implies there exists 

positive integer k such that x E .Zk(G) and x 6 Zk_i(G), where Zk(G) is the kth upper 
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center of G. Let G = G/Zk-t(G). Then 1 # x^ E Z(G). Since G is again a finitely 

generated torsion-free nilpotent group x^’ {i; $ for i # j. Also Z(G) is a free abelian 

group. Thus Z(G) has a free basis jl, j$, . . . , j, so that x^ = f; (say). Let fi,, = G” 

and G, = G/i?,,. Then G, is finite with 1x1 = n. Since X E Z(Gn),Xi +d, zi? for all 

X’ # 3. Let N, be the pre image of N, in the natural homomorphism of G to G. It 

is clear N,, is the required normal subgroup of G. q 

Corollary 2.2. Let G be residually free. Let 1 # n E G. Then for each positive integer 
n, there exists N, 4, G such that, in G’, = GIN,,, 1x1 = n and Xi #a, .Fj for Xi # fi. 

Proof. G is residually free implies that there exists M U G such that x @ M and 

G = G/A4 is free. By Magnus’ theorem [5], free groups are residually finitely generated 

torsion-free nilpotent. Therefore there exists z U G such that 2 # e and G = G/L” 

is a finitely generated torsion-free nilpotent group. Thus by Lemma 2.1, the result 

follows. 0 

We now define the concept of cyclic conjugacy separable. 

Definition 2.3. A group G is said to be cyclic conjugacy separable if for each x E G 

and each cyclic subgroup (h) of G such that {x}~ n (h) = 0, there exists a finite 

homomorphic image G of G such that (2)’ f? (h) = 0. 

Lemma 2.4. Let G = A *n B, where H = (h) with h E A, B and A, B are n,, potent 
and cyclic conjugacy separable. Let x E G be of minimal length in {x}“. Then there 
exist M 4~ A and L 4, B such that M n H = L n H and X is of minimal length in 
{X}‘, where 6 = k *p B with A- = A/M and B = B/L. 

Proof. Clearly, if ]]x]] = 0 the lemma is obvious. Hence we assume ]]x]J L 1. 

Case 1: I/x/I = 1. Let x E A/H, say. Since x is of minimal length in {x}~, this 

implies x +G h’. In particular x #A hi. Since A is cyclic conjugacy separable, there 

exists M 4f A such that, in k = A/M, {f}’ n i? = 0. Now B is potent. Therefore 

there exists L Qf B such that M n H = L rl H. Let G = 2 *A B where 1 = B/L. Then 

X $6 h’. Hence X is of minimal length in {X}‘. 

Case 2: l/x]] 2 2. Since A,B are 7t, and potent, there exist M 4, A and L Uf B such 

that A4 n H = L n H and in G = 2 *I? B, where 2 7 A/M and 8 = B/L, IIz?II = JIxlI. 
Suppose v is an element of minimal length in {.F}G. Then 2 wi; j;. Since x is of 

minimal length in {x}~, x is cyclically reduced. Thus, by the choice of M and L,X 
is cyclically reduced in G. Hence, by Solitar’s theorem [6, p. 2121, X ~6 jJ implies 

]]X]] = ]]J]]. It follows that X is also of minimal length in {X}c. q 

In [3, Lemmas 6 and 81 Dyer showed that finitely generally nilpotent groups and free 

groups are cyclic conjugacy separable. Applying Theorem 1.1, we make the following 

useful observation. 
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Theorem 2.5. Let G = A*uB where A, B are$nite groups. Then G is cyclic conjugacy 
separable. 

Proof. We note that G is a free-by-finite group and G has unique root property for 

elements of infinite order. Hence, by Theorem 1 .l, G is cyclic conjugacy separable. 

0 

In order to prove generalized free products of free groups and finitely generated 

nilpotent groups amalgamating a cyclic subgroup are cyclic conjugacy separable we 

need the following result. 

Lemma 2.6. Let G = A *H B be conjugacy separable, where H = (h), and A,B are 

H-separable and H-potent. Let c E G such that c is cyclically reduced and llcll 2 2. 
rf x E G_ such that {zz}~ tl (c) = 0, th en there exists N 4, G such that, in G = 

G/N, {f}G n (E) = 8. 

Proof. We can assume x to be of minimal length in {x}“. Also let c = albl . . . a,,b,, 
say, where ai E A\H and bi E B \ H. 

Case 1: JIxJI 5 1. Let x E A, say. Since A,B are residually finite, H-separable and 

H-potent, there exist M 4f A and L Qf B such that x # M, ai 6 MH, bt $ LH and 

MnH=MnL.LetG=Ar?*A&where2=A/MandB=B/L.Then1#IEAand 

c’ = a”& . . . ii,&,,. This implies that any conjugate of x” is either an element of A” U B or 

of the form C-‘j% where u”-’ j% and u” are reduced words with jj E A” U 8. Since c is 

cyclically reduced, it follows that u”-‘$ # c”’ for any integer i. Therefore {x”}c n (C) = 

0. Now d and fi are finite. Thus, by Theorem 2.5, G is cyclic conjugacy separable. It 

follows immediately there exists N Qf G such that, in G = G/N, (2)’ n (C) = 0. 
Case 2: [lx/l 2 2. {x}~ n (c) = 0 implies x* # ci, where x* is any cyclic permutation 

of x. Let k be a positive integer such that (Ick (1 > ((x((. Since x has only a finite number 

of cyclic permutations and A,B are residually finite, H-separable and H-potent, there 

exist M Qf A and L 4, B such that, in G = A” *A B, where A = AIM and l? = B/L we 
have IlZll = Ilxll, IlEll = l/c/l and 3 # c”’ f or all 0 < lil < k, where k is the smallest 

integer such that IIZkll > Ilil/. S’ mce G is conjugacy separable, there exists K Qf G 
such that, in G = GfK, x^ $6 c^. Let MI = M n K and L1 = L n K. Since A, B are H- 

potent we can assume MI nH = L1 nH. Let z=; *; B, where I= A/Ml and B= B/L,. 

Then II T I( = IIxII, 11 7 II = Ilcll,~*#? for 0 < lil < k and 2 +, z . Moreover, 2 

and z are cyclically reduced. Let GEE . If i-‘x’z is a cyclic permutation of k then, 
=--I== =i =-lx= =i 

by the choice of MI and LI, 9 xS#c for 0 -C Ii1 < k. Moreover, 9 xg#c for 
=-I == 

i > k, since II ? I( > II 9 
=-I== =i 

xg 11, whence g 
=-lx= 

xgfc for all i. If 9 xg is not a cyclic 
=-l== 

permutation of z then 9 xS has the reduced form ;-‘w& where EEA \ H or B \ H . 
x-l== =i 

This implies 9 xgfc for all i. Thus, in k, {T}” n (E) = 0. Since i,i are finite, by 

Theorem 2.5, there exists N <If G such that, in G = G/N, {f}” n (C) = 0. Cl 
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We are now ready to prove the cyclic conjugacy separability of generalized free 

products of free groups or finitely generated nilpotent groups amalgamating a cyclic 

subgroup. 

Theorem 2.7. Let G = A *H B, where H = (h) and A, B are free or finitely generated 
nilpotent groups. Then G is cyclic conjugacy separable. 

Proof. We shall only prove the case when A,B are free. The proof for the nilpotent 

case is similar since the additional consideration for elements of finite orders can be 

easily looked after. 

Let x, c, E G such that {x}” n (c) = 0. S ince {x}” n (c) = 8 if and only if {x}” n 

(g-‘cg) = 0 for any g E G, we can assume c to be cyclically reduced. 

Case 1: llc]] = 0. 

(a) x 5 A U B. Say, x E A. By Dyer [3], there exists M Uf A such that, in d = 

A/M, {i}” n (c”) = 0. S ince B is potent, there exists L 4r B such that L n H = M n H. 

Moreover, by Corollary 2.2, we can choose L such that, in B = B/L, h”’ +@ i’ for 

i’ # 4’. Let G = A kti B. Then {Z}d n (2) = 0. Since A and B are finite, by Theorem 

2.5, G is cyclic conjugacy separable. It follows that there exists N 4f G such that, in 

G = G/N, {z?}~ n (5) = 0. 
(b) x # A U B. We can assume x to be of minimal length in {x}~ and llxll > 2. 

Since A,B are free, whence A,B are H-separable and H-potent, there exist M 4f A 
and L 4f B such that M n H = L n H and, in G = d *H & where A = A/M and 

8 = B/L, we have ]]?I] = 11x]] and E # 1. N ow, by Lemma 2.4, we can assume 2 to 

be of minimal length in{x”}d. It follows that {x”}d n (5) = 0. Thus, as in (a), applying 

Theorem 2.5, there exists N <3f G such that, in G = G/N, {,?}a n (C) = 0. 
Case 2: llcll = 1. Let c E A\H, say. If x E A, we can use the same argument as in 

Case 1. Hence we can assume x E B\H. Since A is subgroup separable, there exists 

M 4~ A such that, in d = A/M,E $! I?. Now B is free. By Dyer [3], there exists 

L 4, B such that in B = B/L, (2)” n (2) = 0. M oreover, by the potency of A and B, 

we can assume M n H = L f? H. Let G = d Q B. Then (2)’ n (t) = 0. Since 2 and 

B are finite, by Theorem 2.5, there exists N U, G such that, in G = G/N, {.F}G n (F) 
= 0. 

Case 3: l]cll 2. 2. Applying Lemma 2.6, the result follows immediately. 

This completes the proof. Cl 

3. Main result 

We begin by proving some properties of the surface groups that will be needed 

to prove that the generalized free products of surface groups amalgamating a cyclic 

subgroup are conjugacy separable. 

Lemma 3.1. Let G be a surface group. Let 1 # x E G. Then xi $ xJ’ for i # j. 
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Proof. By Baumslag [2], G is residually free. This implies that there exists M Cl, G 

such that x # A4 and G = G/A4 is free. Now, by Magnus’ theorem [5], G is a residually 

finitely generated torsion-free nilpotent. Therefore, there exists N a G such that X $!’ N 

and G = G/N is a finitely generated torsion-free nilpotent group. Thus, if xi -o xi for 

i # j then n^’ ~6 2 for i # j. But this is impossible since G is a finitely generated 

torsion-free nilpotent group. Hence xi #G xi for i # j. 0 

Lemma 3.2. Let G be a surface group. Let u,v,x E G such that u,v $ (x). If there 

exists a pair (k, I) of integers such that u = xkvx’ then such a pair is unique. 

Proof. Suppose (i, j) is another pair such that u = x’vxi. Then x’vxj = xkvx’. Thus 

v-~x~-~v = x1-j. By Lemma 3.1, this is not possible unless i - k = I - j. Therefore, 
v-lxi-kv = xi-k. Since surface groups has unique root property, we have vP1xv = x. 

But this is not possible because G is residually free and v 6 (x). Hence (k, I) is 

unique. q 

In [lo], You proved that surface groups are product separable, that is, if HI, HZ,. . . , 

H,, are finitely generated subgroups of a surface group G then, for each x E G\HlH2 . . . 

H,,, there exists N, qr G such that in G = GIN, i # #-,E?-, . . .I?,,. Since finitely gen- 

erated Fuchsian groups are finite extensions of surface groups, it follows that finitely 

generated Fuchsian groups are product separable. Applying You’s result it is easy to 

see that finitely generated Fuchsian groups, whence surface groups, are double coset 

separable. 

Definition 3.3. A group G is said to be double coset separable if for any two finitely 

generated subgroups H,K of G and for any x, g E G such that x $Z HgK, there exists 

N& Qf G such that, in G = GIN,,g, X $Z I?JI?. 

Lemma 3.4. Finitely generated Fuchsian groups are double coset separable. 

Proof. Let G be a finitely generated Fuchsian group. Let H,K be any finitely generated 

subgroups of G. We note that, for x,g E G,x # HgK if and only if xg-i # H(gKg-‘). 

Since gKgg’ is again a finitely generated subgroup of G, by You [lo], G is H(gKg-I)- 

separable. Hence G is double coset separable. 0 

Corollary 3.5. Surface groups are double coset separable. 

Remark. Niblo [8] has also proved the above result with a longer proof. 

We are now ready to prove our main result. 

Theorem 3.6. The generalized free products of two surface groups amalgamating a 

cyclic group is conjugacy separable. 
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Proof. Let A, B be surface groups and G = A *H B, where H = (h). Let x, y E G 

such that x #JG y. We can assume x,y to be of minimal length in {x}’ and {y}‘, 

respectively. 

case 1: llxll = llyll = 0. Th is means x = hi, y = ti and i # j. Since surface groups 

are residually free, by Corollary 2.2, there exist N Q_f A and M Uf B such that, in 

2 = A/N,B = BfM, hi +A t? and hi #B A’ for 6’ # iJ. Since Corollary 2.2 applies to 

every positive integer n, we can assume N n H = M n H. It follows that hi #c i’ for 

hi # d in 6 = k *A B. Since A,B are finite, by Dyer [3], G is conjugacy separable. 

Hence X, y are conjugacy distinguishable. 

Case 2: llxll # llyll and IIxII,llyll 2 1. Let llxll = 0 and ((yll = 1, say. Since y is of 

minimal length in {Y}~, {y}” n H = 0. By Theorem 2.7, there exists M 4, B such 

that, in B = B/M, {v}” f~f? = 0. Thus X #S jj. Now surface groups are generalized free 

products of two free groups amalgamating a cyclic subgroup. Therefore, by Allenby 

[ 11, they are potent. This implies that there exists N <lr A such that N n H = M n H. 

Let 6 = 2 *B B, where 2 = A/N and B = B/M. Then X #r; j. Since ,&B are finite, 

again by Dyer [3], 6 is conjugacy separable. Hence x, y are conjugacy distinguishable 

in G. 

Case 3: IIxII, llyll 2 2 and /(XII # Ilyll. By Niblo [7], A,B are subgroup separable. 

Thus, in particular, A,B are H-separable. Moreover, A, B are H-pot. Therefore, there 

exist N af A, M <If B such that, in c = 2 *G 8, llXl[ = [[XII and llvll = Ilyll. 

Thus IlXll # Ilvll. By Theorem 2.7, A,B are cyclic conjugacy separable. It follows from 

Lemma 2.4 that X and j are of minimal length in {X}c and {y}“, respectively. This 

implies .? #f; y. Since c is conjugacy separable, if follows that x,y are conjugacy 

distinguishable in G. 

Case 4: \[xll = llyll > 2. Let x = ulu2.. . z4, and y = UIZQ . . . v, be reduced words 

in G. By Dyer [3], x -G y if and only if for some positive integer i, I 5 i < r, the 

system of equations: 

Ui+l = XilU,Xl 

Ui+2 = X[’ 02X2 

. 

. . . 

&+r = X21 &X0 I 

I(i) 

has a solution in H. 

If for each i, 1 5 i 2 1-,1(i) having no solution in H implies that there exists an 

integer k, 1 I k < r, such that Ui+k 6 HvkH, then by Corollary 3.5, there exists N ar 

A such that in 2 = A/N, ci+k $! f?i&fi if Ui+k, uk E A. In the same way, there exists 

M af B such that, in B = B/M, l,?i+k @ Hvk# if Ui+k, vk E B. Moreover, since A, B are 

potent we can choose M, N such that M n H = M n H. Let G = 2 *I? 8. Then X #c jJ. 

Since G is conjugacy separable, it follows that x, y are conjugacy distinguishable in 

G. Hence we can assume I(i) has no solution for each i, but for some i, each 

Ui+j = X,ldlVjXj, (3.1) 
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where 1 5 j 5 r, has a solution in H, say, Ui+j = h”jujPj. By Lemma 3.2, the solutions 

are unique for each equation. Thus, for each i, there are only finitely many solutions 

for Xj’s. Since x #o y, no combination of the solutions to (3.1) is a solution for Z(i) 

for each 1 5 i < r. Since A, B are potent, we can arrange N 4, P and M Uf B such 

that N n H = M fl H = (h’), where t > 2m with m greater than the maximum of the 

Iclkl’s for which h OLk is a solution to (3.1) for 1 5 i, j 5 r. It follows that I(i) has 

no solution in I? in G = d *a B for each 1 5 i 5 r, where k = A/N and i? = B/M 

Hence X #c J. Since c is conjugacy separable, it follows that x,y are conjugacy 

distinguishable. This completes the proof. 0 

Conjecture. Since finitely generated Fuchsian groups are finite extensions of surface 

groups, we conjecture that the generalized free products of two finitely generated Fuch- 

sian groups amalgamating a cyclic subgroup are conjugacy separable. 
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